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ABSTRACT.   A topological space X has property o - CM if for every

countable family F of continuous scalar valued functions on X there is a com-

pact metrizable subspace M ot X such that f(X) = f{M) for every / in F.

Every compact metric space, every weakly compact subset of a Banach space

and every closed ordinal space has property a — CM.   Every continuous image

of an arbitrary product of spaces having property o - CM also has property o -

CM.   If X has property a - CM, then every copy of Cq in C(X) is complement-

ed in C{X).   If a locally convex space E belongs to the variety of locally con-

vex spaces generated by the weakly compactly generated Banach spaces, then

every copy of c'q in E is complemented in E.

We say that a family F of continuous functions from one topological space

X into another depends on a compact metric space if there is a compact metriz-

able subspace M of X such that f(M) = f(X) for every /in F. We say that a

topological space X has property CM if each element of C(X) (the continuous

scalar valued functions on X) depends on a compact metric space. We say that a

topological space X has property a - CM if each countable family in C(X) de-

pends on a compact metric space.  These definitions originated from an examina-

tion of the proof of [9, Lemma 6, p. 60] where it is shown that every copy of

c0 in C(X) is complemented in C(X) whenever X is a dyadic space.

Clearly any topological space having property a - CM has property CM;

and by [10, Problem IG] any space having property CM is pseudocompact. By

[22, Corollary 23.2] it follows that every Hausdorff continuous image of a topo-

logical space having property o — CM [respectively, CM] also has property o —

CM [respectively, CM]. Theorem 1.4 below implies that a topological space X

has property a - CM whenever X is the continuous image of an arbitrary product

of any one of the following types of spaces:
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(a) Compact metric spaces,

(a') Dyadic spaces.

(a" ) Compact topological groups.

(b) Weakly compact subsets of Banach spaces.

(b') One point compactifications of locally compact metric spaces.

(c) Closed ordinal spaces.

(c') Ordinal spaces of the form [0, a), where a is not the Umit of a count-

able sequence of strictly smaUer ordinals.

The first section of this paper is concerned with property a - CM. Theo-

rem 1.4 implies that every continuous image of an arbitrary product of topological

spaces having property a - CM also has property a — CM. CoroUary 1.2 below

shows that every completely regular space having property a — CM is a Baire space.

Corollary 1.3 shows that every closed Gs subset of a completely regular space

having property o - CM also has property o - CM. Proposition 1.7 below im-

pUes (as a very special case) that the one point compactification of a disjoint union

of compact spaces having property o — CM also has property o - CM.

The second section is concerned with appUcations to the complementation

of c0.  In [9, Lemma 6, p. 60] Engelking and Peftzynski showed that every copy

of c0 in C(X) is conplemented in C(X) whenever X is a dyadic space (the con-

tinuous image of an arbitrary product of two point discrete spaces). By [1, The-

orem 2, p. 37] it follows that every copy of c0 in C(X) is complemented in

C(X) whenever X is homeomorphic to a weakly compact subset of a Banach

space. Proposition 2.1 below generalizes these known results. Proposition 2.1

shows that every copy of c0 in C(X) is complemented in C(X) whenever X has

property o - CM. The classical result of Sobczyk [20, Theorem 5, p. 942] (see

also [11], [14], [17] and [21]) states that every copy of cQ in F is complemented

in F whenever F is a separable normed space. Recently, Diestel and Lohman [5, The-

orem 2, p. 42] extended this result to separable locaUy convex spaces. By [15,

Theorem 2.1, p. 243] it foUows that every copy of c0 in F is complemented in

F whenever F is a weakly compactly generated Banach space. Proposition 2.6

below generalizes these known results. Proposition 2.6 states that every copy of

c0 in F is complemented in F whenever F belongs to the variety (see [6] ) of

locaUy convex spaces generated by the class of weakly compactly generated Ban-

ach spaces.

The third section of this paper is concerned with property CM and the

existence of sequential Umit points. (A nonisolated point x in a topological space

X is a sequential Umit point of X if x is the Umit of a countable sequence in

X\ {x}.) We do not know whether properties CM and a — CM are distinct.

For any unexplained notation or terminology we refer the reader to [10],

[19], or [22]. AU topological spaces are assumed to be Hausdorff. The symbol
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c0 denotes the usual Banach space of zero-convergent scalar valued sequences. If

X is a pseudocompact space, then C(X) denotes the usual Banach space of con-

tinuous scalar valued functions on X. By a copy of c0 in a locally convex space

F we mean the image of a linear homeomorphism from c0 into E. A Banach

space F is weakly compactly generated if F contains a weakly compact subset

whose linear span is dense in F.   For basic results concerning weakly compactly

generated Banach spaces we refer the reader to [1] and [15].

1.   Property a — CM. Examples of spaces having property o — CM. We

first observe that if a topological space X has the property that the closure of

every separable subset of X is compact and metrizable, then X has property a -

CM. (To see this let F be a countable subset of C(X) and let D be a countable

subset of X such that f(D) is dense in f(X) for each / in F. If M = D is com-

pact and metrizable, then f(M) = f(X) for each fin M and F depends on M.)

Since every compact metric space, every weakly compact subset of a Banach space

(see [15] ), every closed ordinal space (use a simple transfinite induction argument),

and every ordinal space of the form [0, a), where a is not the limit of a count-

able sequence of strictly smaller ordinal numbers, has the property that every

separable subspace has a compact metrizable closure, it follows that each of these

spaces has property a - CM. By [15, Proposition 3.2] every one point compact-

ification of a locaUy compact metric space is homeomorphic to a weakly compact

subset of a Banach space and, therefore, has property o — CM. Since every dy-

adic space is the continuous image of a product of compact metric spaces, Theo-

rem 1.4 below impUes that every dyadic space has property a - CM.  By [16,

Proposition 7.6] every compact topological group is dyadic and therefore has

property o - CM.

Proposition 1.1. For a topological space X the following are equivalent:

(a) X has property o — CM.

(b) For each sequence {An} of nonempty cozero sets in X, there is a com-

pact metrizable subspace M of X that meets each An.

(c) For each sequence {Zn} of nonempty zero sets in X, there is a compact

metrizable subspace M of X that meets each Zn.

(d) Each countable family of continuous functions from X into the Hilbert

cube depends on a compact metrix space.

(e) Each continuous function from X into the Hilbert cube depends on a

compact metric space.

(f) For every separable subspace S of C(X) there is a compact metrizable

subspace M of X such that for each x in X there is an m in M with f(x) = f(m)

for every f in S.
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Proof,  (a) implies (b), (d) impUes (e) and (0 implies (a) are clear.

(b) implies (c). Let {Zn} be a sequence of zero sets in X. For each n let

/„ be a continuous function from X into [0, 1] with Zn = {x: fn(x) = 1}. Let

{rk} be an increasing sequence in [0, 1) that converges to 1. For each pair n, k

of positive integers let

gnk = mzx{fn,rk}-rk.

By (b) there is a compact metrizable subspace M of X and points xn k in M such

that

max{/„(x„ k), rk} - rk = g„ikixnk) > 0.

But then 1 >fnixnk) > rk. Since the sequence {rk} converges to 1, it follows

that any adherent point of the sequence {x„ k: k = 1,2, . . .} belongs to both

M and Zn. So, (c) follows.

(c) implies (d).  Let {/„} be a sequence of continuous functions from X

into the Hubert cube UIk where Ik = [0, 1] for each k — 1,2.For each

k let prfc denote the projection of H onto its kth coordinate Ik. For each pair

n, k of positive integers let /„ k(x) = prk(/„(x)). Let D be a countable subset of

H such that D dfniX)is dense in f„iX) for each n. For each d = {dk} in D

and each n let

Zd.n - i*: /«(*) = ¿} = H {{*: /„.*(*) = dk}: k > 1}.

Since each Zd    is a zero set, (c) impUes that there is a compact metrizable sub-

space M of X that meets each nonempty Zd   . Therefore, D Ci fn(X) C fn(M) C

f„(X) for every n. Since D n fn(X) is dense in fn(X), it foUows that fn(M) =

fn(X) for every n. So, (d) foUows.

(e) implies (f). Let S be a separable subspace of C(X). Let {/„}be

a dense sequence in S\{0}. Let / be the continuous function from X into

the Hubert cube defined by fix) - U\fn\\~lfn(x)}. By (e) there is a com-

pact metrizable subspace M of X such that /(Af ) = fiX). Fix x in X and

choose m in M so that fix) = f(m). But then /„(x) = f„(m) for every n

and a simple density argument implies that f(x) = f(m) for every / in S.

Remark.   Let 5 be a separable subspace of C(X) where X has property

o — CM; and pick a compact metrizable subspace M of X so that Proposition

1.1(f) is satisfied. For each x in X let Mx = {m G Af: /(x) = /(m) for every

/in 5}. One can show that for particular choices of S, X and Af the set-valued

function <p on X defined by y(x) = Mx is neither upper nor lower semicontinuous

(see [2, p. 112] for the definition of upper and lower semicontinuous set func-

tion). We do not know whether it is possible to choose AÍ in Proposition 1.1(f)

so that the set function f> is upper (and/or lower) semicontinuous. Nor do we
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know whether it is possible to choose M in Proposition 1.1(f) so that there is a

continuous "selection" functiong: X—*M such that g(x) EMx for every x in X.

If such a continuous "selection" function exists, then it is easy to see that S would

be contained in a linear subspace of C(X) which is isometric to C(M) and which

is the range of a contractive projection in C(X). (This last statement should be

compared with [15, Theorem 2.1].)

Since every topological space having property o — CM is pseudocompact,

[10, Problem 3D] implies that every normal space having property o - CM is

countably compact. For compact spaces property o — CM is not comparable with

sequential compactness. If X denotes an uncountable product of unit intervals,

then X has property o — CM but is not sequentiaUy compact. If X denotes [0,1]

x {0, 1} equipped with the order topology determined by the order defined by

(a, u) < (b, v) if and only if a < b or a = b and u<v, then A!" is a sequentially

compact, compact space which does not have property a — CM.

In the proof of the foUowing corollary we use the fact that, for a completely

regular space X, condition (b) in Proposition 1.1 is equivalent to the property that

for every sequence {{/„} of nonempty open subsets of X there is a compact metriz-

able subspace M of X that meets each Un. RecaU that a topological space X is a

Baire space if the intersection of every countable family of dense open sets in X

is dense in X.

Corollary 1.2.   Every completely regular space having property o - CM

is a Baire space.

Proof.  Let {G„} be a sequence of dense open subsets of a completely

regular space X, where X has property a — CM. Fix x in X and let V be a neigh-

borhood of x in X.  Inductively choose a sequence { Un} of nonempty open sets

in X such that

(i) Un + X CJ7„CK,and

(ü) uH c gx n. •. n g„.
Since X has property a — CM there is a compact metrizable subspace M of X that

meets each Un. By (i) there is a point m E M n ( f) Un) C V.  By (ii) m E f) Gn.

Therefore, every neighborhood of x in X meets D Gn and X is a Baire space.

We note that by modifying the proof of the above corollary one can actually

show that every completely regular space having property o - CM is strongly a-

favorable in the sense of [2, p. 117].

Corollary 1.3.   (a) Every zero set in a topological space having property

o — CM has property a — CM.

(b) Every closed G& subset of a completely regular space having property

a — CM has property a — CM.
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Proof,   (a) follows from condition (b) of Proposition 1.1.

(b) Let G be a closed G6 subset of a completely regular space X, where X

has property o - CM.  Let { Un} be a sequence of open sets in X such that G =

f)Un. Let { Vk} be a sequence of open sets in X such that G O Vk is nonempty

for each fc. Since A' has property o - CM there is a compact metrizable subset

M of X such that AÍ meets Ux D • • • n i/„ n Kfc for each pair «, A: of positive

integers. But then G n AÍ is a compact metrizable subset of G that meets each

G n Vk =C)n(Ux n ' • ' r\U„ r\Vk). Therefore, G has property a - CM.

Definition.   Let {Xv : v E1} be a farmly of topological spaces. Following

Corson [4, p. 786] we say that a subspace X of UXV is a S-product of the .Jf,,

if there is a point p in n Xv such that x G X if and only if xv =£ p„ for at most a

countable number of v in /. Such a point p is called a base point of this 2-pro-

duct. Corson [4, p. 786] has noted that different 2-products of the same Xv are

not necessarily homeomorphic.

Theorem 1.4. If{Xv:vE 1} is a family of topological spaces each of

which has property a — CM, then every "E-product of the Xv has property a - CM.

Proof.  By adjoining an infinite number of one point discrete spaces to the

family {Xv : vEI}, we may assume that / is infinite.

Let A" be a 2-product of the Xv with base point p.  Let {/„} be a sequence

of nonzero functions in C(X) and for each n let An denote the cozero set of /„.

Let D be a countable subset of X that meets each An. Since A* is a 2-product of

the Xv with base point p, there is a countably infinite subset J of I such that dv

= pv whenever d ED and v EJ.   To complete the proof it suffices to show that

fl{Xv : v E J} has property o - CM. (To see this let <p: Ili^: v EJ} —* X be

defined by <p(x) = y, where yv = xv if v E J and v„ = pv if v € /.  If n{X„ :

v E J} has property a — CM, then there is a compact metrizable subspace M of

IK*,, : v E J} such that M meets each of the cozero sets fl(An). By [22, 23.2,

p. 166] ip(M) is a compact metrizable subset of X. Since M meets each i/T '(/!„),

y>(Af) meets each.4„ and by Proposition 1.1 X has property a — CM.) Therefore

without loss of generality we assume that J = I is the set of positive integers.

For every « in 7, d in D and x in Xx let

8n.d<x)=fn(x,d2,d3,...).

Since { g„ d } is a countable famüy of continuous functions on Xx, there is a com-

pact metric subspace Mx of Xx such that every gnd(Mx) = £„>d(A,1). Let A^ be

a countable subset of Mx such that fn(d)Egnd(Nx) for every nE I and d ED.

Suppose that we have found setsMx.Mk andNx,. . . ,Nk so that

(a) NtCMtC Xt, Nt is countable and Mt is compact and metrizable; and
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(b) for every (n,,. . . ,nk_x)ENx x • •• x Nk_x,dED, and n El,

there is an nfc G A/k such that

/„(<0=/n("i>--->"*<**+!»•••)•

For every q = (n,,. .. , nk) E Nx x • • • x Nk, d E D, n EI and x G

Xk+,let

£»,d,/i(x) "fnfrv ..••**.*. d* + 2> • • • )•

Since {#_ d „} is a countable famüy of continuous functions on Xk+,, there is a

compact metrizable subspace Afk + , of Xk+X such that every gqi<¡t„(Mk + x) =

o'í.d.ní-^fc-r i)' ^d tUere is a countable subset Nk+, of Affc+, such that

/„(n,, . . . ,nk,dk+x,dk+2,. . •)€gqidt„(Nk+x)

for every q — (n,.n¿) £JV, x • • • x Nk,d ED, and n G/. Therefore

(by induction), there exist sequences {Affc} and {A/^} such that (a) and (b) hold

for every positive integer k.

Let Af = UMk. By [22, 22.3, p. 161] M is a compact metrizable subspace

of X.  Fix n in / and let d G Z>.  By (b) there is a point <? = (n,, n2, . . . ) in

TlNk such that for each k

fn(d)=fn(nl> ••••"*. dk + l> dk + 2> • • • )•

Since q = lim^»^,."k'dk + i> dk+2> •••)•** foUows that/„(d) = /„fa).

Therefore, /„(£>) C /„(Af). Since £> meets each A„ = {x: /„(x) ^ 0}, it foUows

that AÍ meets each An. By Proposition 1.1 AT has property o - CM.

Corollary 1.5.   Let {Xv : vEI} be a family of topological spaces each

of which has property a - CM. // 2 C X C XI Xv where 2 is a ^-product of the

Xv, then X (find every continuous image of X) has property a — CM.

Proof.  This is an easy consequence of Theorem 1.4 and the fact that every

2-product of the Xv is dense in UXV.

Corollary 1.6. (a) //{o^} is a collection of ordinal numbers, then

II [0, av) has property o - CM if and only if no av is the limit of a countable

sequence of strictly smaller ordinals.

(b) 77iere exists nonnormal spaces having property o - CM.

Proof,  (a) foUows from Proposition 1.1 and the fact that [0, a) is not

pseudocompact (and hence not o - CM) whenever a is the Umit of a countable

sequence of strictly smaUer ordinals.
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(b) In [3, Theorem 3, p. 223] Conover has characterized the normality of

product spaces of the form fl [0, av). When Conover's characterization is com-

pared with part (a) above, (b) follows.

Definition.   Let A" be a topological space and let / denote the isolated

points of X. Let {Xv : v El} be a family of topological spaces and let Y denote

the set-theoretic disjoint union of the sets X\I, Xv (v G I). For simplicity, we

always assume that the sets X\I, Xv (v E I) are pairwise disjoint. Define a topo-

logy on Y as follows:

(a) if x E Xv, then the filter of neighborhoods of x in Xv is a filter base for

the filter of neighborhoods of x in Y; and

(b) if jc G X\I, then a filter base of neighborhoods of x in Y is given by

sets of the form [V n (X\I)] U [ \J {Xv: v E V}] where V is a neighborhood of

x in X.  The space Y equipped with the topology defined above is called the

space obtained from X by attaching the spaces {Xv : v El} to the isolated points

IofX.

For example, if / is a discrete space and 7™ denotes its one point compacti-

fication, and if {Xv : v E1} is a family of compact spaces, then the one point

compactification of the topological disjoint union of the spaces {Xv : v El} is

homeomorphic to the space obtained from 7°° by attaching the spaces {Xv : v El}

to the isolated points 7 of 7°°. Another large class of examples is obtained by

attaching topological spaces to the isolated points of the ordinal spaces.

Proposition 1.7. Let I denote the set of isolated points of a topological

space X; and let Y be the space obtained from X by attaching a family {Xv: vE

1} of topological spaces to the isolated points of X.

(a) If X is metrizable and each Xv is metrizable, then Y is metrizable.

(b) If X is compact and each Xv is compact, then Y is compact.

(c) If X has property o - CM and each Xv has property o — CM, then Y

has property o — CM.

Proof.   The proofs of (a) and (b) are straightforward and will be left to

the reader.

(c) Let {/„} be a sequence of continuous functions on Y. Let D be a count-

able subset of Y such that fn(D) is dense in fn(Y) for every n. For each v in 7

fix a point xv in Xv. Let / denote the set of all v in 7 such that D n Xv is non-

empty.  Since D is countable, J is countable.  For every positive integer n, v in J

and dinD let fnvd denote the function on X defined by:

fn,v.d(x) = fn(x)      if xEX\I,

fn,V,d(V)=fn(xß)      if HEI\{V},
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fn.v.dW = /„(<*)     Xdexv,

fn,vAv)=fÁxv)       ifd£Xy.

Since {/„ v d} is a countable family of continuous functions on X, there is a com-

pact metric subspace M * of A' such that the family {/„ „ d} depends on Af*. For

each v in I P> M* let Mv be a compact metrizable subspace of Xv such that f„(Mv)

- /«(^v) f°r every "• Let

Af = (M*\I) V(\J{Mv:vEM*nI}).

It is easy to see that Af is a space obtained from Af * by attaching certain com-

pact metric spaces to the isolated points of A/*. Therefore, by parts (a) and (b)

of this proposition, Af is a compact metrizable subspace of Y. To complete the

proof it suffices to show that f„(D) C /„(Af) for every n.

Let n be a fixed positive integer and let d he a fixed element of D. First,

suppose that d E X\I. In this case fn(d)=zf„v d(d) for every v in /.   Let v he

a fixed element of/.   Since fnv<¡ depends on M*, there is an m in M * such that

f„(d) =fniVtd(m). If m E X\I, then mEM*\ICM and

fnV) = fn.v,M) » /» e/«(M)-

If m G /, then (since d Ê Xm)

fn(d) = fn,v,d(m) = fn(xm) E f„(M„) C f„(M).

Secondly, suppose that d EXV for some fixed v in /.  In this case fn(d) =

f„iVi<i(v). Since f„iVd depends on Af * there is an m in M* such that fn(d) =

/„'„'¿(m).  If m G X\I, then m G Ai * \/ C M and fnid ) = fH,Vid(m) = /„(m) G

/„(A/). IfmG/\{i;}, then

f«V) <= WJ»)=/„(*«) e/M(A/M) c/„(M).

If w = i>, then

fnWefnWm) = /«(««) C /.0O-

2. The complementation of c0.

Proposition 2.1. 7/a topological space X has property o - CM, then every

copy of c0 in CiX) is complemented in CiX).

Moreover, if T: c0 —*C(J\T) is a linear homeomorphism from c0 into CiX)

where X has property o - CM, then there is a projection p from C(X) onto

T(c0) = F such that »pH < 211 T\\ || T~11|.
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Proof.   Let F: c0 —► C(X) be a linear homeomorphism (into) and let F =

T(c0). Let D be a countable dense subset of F. Since X has property a — CM,

D depends on a compact metric space M. Since the set of aU /in C(X) such that

f(M) = f(X) is closed in C(X), it foUows that F depends on M. Let F: C(X)

—► C(M) denote the restriction operators. Since F depends on M, R \F is an iso-

metry. By Sobczyk's theorem [20] there is a continuous linear operator Q from

C(M) onto RT(c0) such that HÖH < 2||FF|| «(FF)"1» < 211211 II F"1«. Let

P=(R |F)_1ßF; then F is a continuous linear projection from C(X) onto F =

F(c0) such that IIFIK 211 F» »F"1!!.

By mimicking the "function space method" proof of Theorems 3,4 and 5 in

[9, p. 61], one can prove the foUowing generalizations of these theorems.

Corollary 2.2. (a) (cf. [9, Theorem 5]). If a topological space X has

property o — CM, then there is no linearly homeomorphic copy ofl^ in C(X).

(b) (cf. [9, Theorem 3] ). If X is a completely regular space such that ß(X)

(the Stone-Cech compactification of X) has property o - CM, then X is pseudo-

compact.

(c) (cf. [9, Theorem 4]).   There is no infinite extremally disconnected

space having property a — CM.

Corollary 23. (a) The one point compactification of a locally compact

metric space always has property a — CM.

(b) The Stone-Cech compactification of a noncompact locally compact

space never has property a — CM.

Proof, (a) foUows from the fact (see [15, Proposition 3.2, p. 247]) that

the one point compactification of a locaUy compact metric space is homeomorphic

to a weakly compact subset of a Banach space.

(b) foUows from CoroUary 2.2 and the fact that a noncompact locaUy com-

pact space is never pseudocompact.

Definition. We say that a locaUy convex space F is o — CM generated if

E is generated by a subset X such that X equipped with the weak topology has

property a — CM. (E is generated by X if sp(X), the linear subspace of E span-

ned by X, is dense in F.)

Proposition 1.4 impUes that every continuous linear image of an arbitrary

product of weakly compactly generated Banach spaces is o — CM generated. We

note that every separable Banach space and every reflexive Banach space is weakly

compactly generated.

Lemma 2.4. If E is a o — CM generated locally convex space, then every

o(E', E)-compact separable subset of E' is a(E', E)-metrizable.

Proof.   Let A be a o(E', F)-compact separable subset of E'. Let Abe a
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subset of F such that X generates F and X equipped with the o(E', ¿^-topology

has property o — CM.  Since A is separable it is easy to see that there is a com-

pact metrizable subspace M of X such that a(M) = a(X) for every a in sp(A).

Let {x„} be a dense sequence in M and for each positive integer n and each a in

E' let pn(a) = |<x„, a)\. The topology T on E' generated by the seminorms

{p„} is weaker than a(E', E). Since a(M) - a(X) for every a in sp04) and since

{x„} is dense in Af, it is easy to see that the restriction of T to sp(/4) is metriz-

able. Since T C a(E', E) and .4 is o(E', F)-compact, the topologies T and

o(E', E) coincide on A.  Therefore, A is o(E\ F)-metrizable.

Proposition 25. If E is a o — CM locally convex space, then every copy

of c0 in E is complemented in E.

Proof.   Let T: c0 —► F be a linear homeomorphism from c0 onto F —

T(c0) and let U be a closed balanced convex neighborhood of 0 in F such that

ii)UnFC{Tx:\\x\\<l}.

Let {x„} be a dense sequence in c0 and let D he a countable subset of U° such

that for every n

(ü) {<Txn, a): a ED} is dense in { <Txn, a): a E U0}. Let M denote the

o(F', Enclosure of D in F equipped with the o(E', F)-topology. By Lemma 2.4

M is compact and metrizable. Let S: E —► C(M) be the linear operator defined

by (Sx) (a) = <x, a> for every x in F and a in M.  Since M C U°, S is continu-

ous. By (ii) above,

(in) ||57x„|| = sup{|<7x„, a)\ : a E U0}

for every n. Since {x„} is dense in c0 (iii) implies that

(iv) \\STx\\ = s\ip{\(Tx,a)\:aEU0}

for every x G c0. If \\STx\\ < 1, then (by (iv)) Tx E U and (by (i)) ||x|| < 1.

Therefore,

{Tx:\\STx\\<l}C{Tx: ||x||< 1}

and it foUows that S|F is a homeomorphism. By Sobczyk's theorem [22] there

is a continuous Unear projection Q from C(Af ) onto S(F). Let P = (S\F)~lQS.

It is easy to see that P is a continuous linear projection from F onto F = T(c0).

In [6] Diestel, Morris and Saxon define a variety (of locally convex spaces)

to be a nonempty class of locaUy convex spaces closed under the operations of

taking subspaces, quotient spaces (modulo closed subspaces), arbitrary cartesian

products and isomorphic images. The variety generated by a class of locally con-

vex spaces is defined to be the smaUest variety containing the class. By using [19,

5.4, p. 53] one can show that every separable locally convex space belongs to the
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variety generated by the weakly compactly generated Banach spaces. By combin-

ing [6, CoroUary 2.1, p. 209] with Proposition 2.2 it foUows that:

Proposition 2.6. If E belongs to the variety generated by the class of

weakly compactly generated Banach spaces, then every copy ofc0 in E is comple-

mented in E.

Remarks, (a) By a theorem of James [13, Theorem 4, p. 299] it foUows

that a subset X of a complete locaUy convex space is weakly relatively compact

whenever X equipped with the weak topology has property o — CM. The con-

verse, however, does not hold. For example, pW (the Stone-Cech compactification

of the positive integers) is homeomorphic to a weakly compact subset of a com-

plete locaUy convex space; however, by [10, Problem 60(6), p. 97] pW does not

have property a — CM.

(b) If F is a a - CM generated locaUy convex space, then by combining

[19, 5.4, p. 53] with remark (a) above one can show that F is linearly homeomor-

phic to a linear subspace of a product of weakly compactly generated Banach

spaces. Therefore, it foUows that the variety generated by the a — CM generated

locaUy convex spaces coincides with the variety generated by the weakly com-

pactly generated Banach spaces.

(c) Since there exist compact spaces X having property o — CM such that X

is not homeomorphic to a weakly compact subset of a Banach space (e.g. any un-

countable closed ordinal space) [1, Theorem 2, p. 37] impUes that there exist

compact spaces X having property o — CM such that C(X) is not weakly com-

pactly generated. However, Lemma 2.4 can be used to show that a compact space

X has property o — CM whenever C(X) is o — CM generated. We do not know

whether C(X ) belongs to the variety generated by the weakly compactly gener-

ated Banach spaces, whenever X is a compact space having property o — CM.

(d) J. Diestel has pointed out that the converse of Proposition 2.6 is false.

He noted that lx(I) (I uncountable) does not belong to the variety generated by

the weakly compactly generated Banach spaces, but that every copy of c0 in

/,(7) is complemented.

(e) We do not know whether property o — CM characterizes those compact

Hausdorff spaces for which every copy of c0 in C(X) is complemented in C(X).

We beUeve that it does not, but have no counterexample.

3. Property CM and the existence of sequential limit points. The remain-

der of the paper is concerned with the existence of sequential limit points and is

motivated by [7, CoroUary 9, p. 257] where it is shown that every nonisolated

point of a dyadic space is a sequential Umit point. (Proposition 3.4 below gener-

aUzes this result.) By Proposition 1.1 it foUows that if X is a completely regular

space having property o — CM, then (a) the closure of each countable famüy of
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isolated points in X is metrizable and (b) the set of all sequential limit points in X is

dense in the set of nonisolated points of X. Propositions 3.1 and 3.2 below show

that these results also hold if X has property CM.

Since there exist separable nonmetrizable dyadic spaces, one would not ex-

pect that the closure of every countable subset of a space having property a —

CM (or CM) would be metrizable. Since the Stone-Cech compactification of the

integers is nonmetrizable, one would not, in general, expect that the closure of a

countable famÜy of isolated points would be metrizable. Since the one point

compactification of any discrete space has property o - CM, one would not ex-

pect that the closure of the set of isolated points in a space having property o —

CM (or CM) would be metrizable. FinaUy, since there exist nonisolated points in

compact ordinal spaces that are not sequential Umit points, one would not expect

that every nonisolated point in a space having property o — CM (or CM) would

be the Umit of a nontrivial convergent sequence.

Proposition 3.1. If a topological space X has property CM, then the

closure of each countable set of isolated points in X is metrizable.

Proof.  Let {x„} be a sequence of isolated points in X.  Let /(x„) = n~1

for n = 1, 2,. . . and let/(x) = 0 for x =éx„, n = 1, 2./is then a con-

tinuous function on X. Since X has property a — CM, there is a compact metric

subspace Af of X such that /(Af ) = fiX). But then {x„} is contained in Af and

the closure of {x„} is metrizable.

Proposition 3.2. If a completely regular Hausdorff space X has property

CM, then the set of sequential limit points of X is dense in the set of all noniso-

lated points of X.

Proof.  Suppose that the set of sequential limit points in X is not dense

in the set of aU nonisolated points of X; then X contains an open set U such that:

(a) U contains a nonisolated point p of X, and

(b) there are no sequential Umit points in £/.

Let V be an open neighborhood of the nonisolated point p such that V is

properly contained in U. Let {[/„} be a sequence of nonempty pairwise disjoint

open subsets of V; and for each n choose a point x„ in Un and a continuous

function/„ from X into [0, 1] so that/n(x„) = 1 and supp/„ C Un. Let/ =

2 2~nfn. /is then a continuous function on X such that f(X) is infinite. Let

Af be a compact metric subspace of X such that /(Af ) = f(X). Since supp / C

(J Un C V C U, where V # U, we may assume that M CÜ.  (We need V =£ U in

the event that V = supp / = {x : f(x) > 0} is both open and closed in X.) Since

U contains no sequential limit points, Af must be finite. But this contradicts the

fact that f(X) = f(M) is infinite.
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Lemma 3.3. Let f be a continuous closed surjection from one topological

space Y onto another X and let x be an element of X.   The following are equiva-

lent:

(a) Tlie point x is not isolated.

(b) TJiere is a point y in f~l(x) such that f(V r\D)\{x} is nonempty,

whenever V is a neighborhood of y in Y and D is dense in Y.

(c) Hiere is a point y in f~ ' (x) such that (V C\ D)\f~l(x) is nonempty,

whenever V is a neighborhood of y in Y and D is dense in Y.

Proof,  (a) implies (b). Suppose that for eachyinf~l(x) there is an

open neighborhood Vy and a dense subset Dy of Y such that f(Vy O Dy) C {jc}.

Since

{x} c f(vy) c f(vy n Dy) c f(vy n Dy) c {*},

it follows that f(Vy) = {x}. Therefore,/-1^) = \J{Vy: y Ef~^(x)} is open

in Y. Since / is closed and surjective /[ Y\f~ l(x)] = X\{x} is closed in X,

contradicting the fact that {x} is nonisolated.

It is easy to see that (b) implies (a) and that (b) is equivalent to (c).

Recall that a topological space X is first countable if each point of X has a

countable neighborhood base.

Proposition 3.4. Let {Xv: v El} be a family of first countable spaces.

If fis a continuous closed surjection from UXV onto a topological space X,

then every nonisolated point of X is a sequential limit point in X.

Proof.   Let x E X.  By Lemma 3.3 there is a point y = { y„} in UXV such

that

(*) (Vn D)\f~l(x) is nonempty,

whenever Kis a neighborhood of y in UXV and D is dense in UXV. For each v

in 7 let {Vv n: « = 1, 2, . . . } be a countable nested neighborhood base foryv

in Xv. For each finite subset / of 7 let

V(n, J) = {zE nXv : zv E Vvn for every vEJ}.

The family {V(n, J)} forms a neighborhood base for yinUXv. Let D denote

the dense subspace of n Xv consisting of all points z such that zv = yv except

possibly for a finite number of v's; and for each z in D let J(z) = {v G 7 : zv ̂

yv}. By using (*) and a simple inductive argument we can show that there is a

sequence {zn} of points in Y\XV such that zn+x E [V(n, Jn) n D]\f~x(x)

where Jn = J(zx) U • • • U J(zn). It is now easy to see that the sequence {zn}

converges to y in UX„ . Since each zn does not belong to f~l(x), it foUows that

x = f(y) is a sequential limit point in X.

By mimicking the proof of Proposition 3.4 above one can prove the foUow-

ing:
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Corollary 35. Let {Xv : vEI} be a family of first countable spaces and

let Y be an arbitrary union of "L-products of the Xv.

Iff is a continuous closed surjection from Y onto a topological space X,

then every nonisolated point of X is a sequential limit point in X.

Since every dyadic space is the continuous image of a product of compact

metric spaces, Proposition 3.4 generalizes [7, Coronary 9, p. 257] where it is

shown that every nonisolated point in a dyadic space is a sequential limit point.

We note that the conclusion of Proposition 3.4 is false if we only assume that

every nonisolated point in each Xv is a sequential Umit point. For example let

F„  (n = 1, 2,. . . ) denote the Stone-Cech compactification of the integers and

let/: IIF„ —*BX denote the projection onto the first coordinate. It is easy to

see that every point in IIF„ is a sequential Umit point; however, by [10, Problem

60(6), p. 97]   F, has no sequential limit points. We also note that the conclu-

sion of Proposition 3.4 is false if/is not closed.    This follows from the fact that

the one point compactification of an uncountable discrete space is the continuous

image of a discrete space.

Following [18] we say that a Banach space F is a Grothendieck space if

each weak* convergent sequence in the dual F' of F is weakly convergent. By

modifying the proof of [12, Théorème 9, p. 168] one can show that C(X) is a

Grothendieck space whenever X is a basicaUy disconnected compact space. The

following proposition therefore generaUzes [8, Theorem 12, p. 194] where it is

shown that every dyadic subspace of a basically disconnected space is finite.

3.6.   Proposition.   If X is a completely regular pseudocompact space such

that C(X) is a Grothendieck space, then every subspace of X having property CM

is finite.

Proof.  By [18, Remark 1, p. 192] it foUows that AT has no infinite com-

pact metric subspaces. To complete the proof it suffices to show that every infi-

nite topological space having property CM has an infinite compact metric subspace.

To see this let Y be an infinite topological space having property CM. By using

[10, Theorem 0.13] it is easy to see that C( Y) contains a function with infinite

range, and, therefore Y contains an infinite compact metric subspace.
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